Atherosclerosis is a major burden for all societies and there is a great need for a deeper understanding of involved key inflammatory, immunological and biomechanical processes. A decisive step for the prevention and medical treatment of atherosclerosis is to predict what conditions determine whether early atherosclerotic plaques continue to grow, stagnate or become regressive. The driving biological and mechanobiological mechanisms that determine the stability of plaques are yet not fully understood.
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Atherosclerosis is a chronic inflammatory vascular disease of the artery wall [78, 56, 24] . It causes a pathological alteration of the intima and adjacent media, and is characterized by the development of non-resolving inflammatory lesions called atherosclerotic plaques. Atherosclerosis causes severe cardiovascular sequelae like stroke or myocardial infarction and so is a major contributor to worldwide morbidity, loss of productive life years and mortality [66, 102] .
In this contribution, we present a spatially resolved and quantitative mathematical model that allows us to investigate the influence of spatial effects, such as diffusion, advection and inhomogeneous distributions on atherosclerosis progression. We use the model to assess the long-term stability of early atherosclerotic plaques based on measurable or computable in vivo inputs. Due to the availability of the required inputs and the great need of predictive models of atherosclerosis, this model is a significant step toward mathematical and computational models that allow to predict the stability of early plaques in a clinical setting.
actively migrate through the endothelium into the intima [55] . Once inside the intima, monocytes may continue to transmigrate into the media [60, 80] due to chemotactic gradients or differentiate into macrophages [21, 55] .
Monocyte-derived macrophages are at the crux of early atherogenesis as they populate inflamed tissue, actively scavenge and ingest modified LDL, undergo controlled cell death (apoptosis) and consume other dead and dying macrophages (efferocytosis) [65, 32, 33, 65] . Macrophages store the cholesterol from ingested LDL as intracellular free and esterified cholesterols, which are at a dynamic buffer-like equilibrium [7, 8, 92] . The maintenance of intracellular cholesterol balance between essential and cytotoxic limits is disrupted in plaque macrophages when there is an excess consumption of modified LDL [49] and poor access to HDL which exports intracellular free cholesterol out of cells [7, 73] . Above the cytotoxic cholesterol limit macrophage necrosis (uncontrolled cell death) is inevitable [57, 26, 88] . This causes the accumulation of necrotic debris and extracellular lipids that form the necrotic core inside advanced plaques [65, 32] . Thus, cholesterol-disrupted macrophages can induce a progression of the disease from its asymptomatic early stages (type I -IIb in the classification by the American Heart Association [82] ) to potentially symptomatic and threatening advanced stages (type III or higher).
Mathematical and computational models have an important role to play in increasing the understanding of atherosclerosis. A broad spectrum of models of various aspects of atherosclerosis has been created over recent decades. A comprehensive tabular overview of existing models of atherosclerosis and their specific applications is given in the review by Parton et al. [71] . An overview of models of the underlying cardiovascular mechanics and their connection to atherosclerosis is given in the Thesis by Thon [91] .
The transport of LDL through the endothelium is well-studied and commonly assessed by the equations of Kedem and Katchalsky [45, 103, 10, 43, 74, 93, 90] . The crucial role of biomechanics in the penetration of LDL is usually incorporated by a WSS-dependent adaption of the Kedem-Katchalsky equations. To this end, some researchers model the different LDL transport pathways in full detail and estimate their individual alteration based on local WSS [69, 70] . In contrast, other approaches consider only a WSS-dependent hydraulic conductivity [85] or utilize heuristic laws that represent changes in the diffusive permeability [10, 93] . These models drastically reduce the complexity but still mimic a physiologically correct behavior. Nevertheless, the interplay of hemodynamic forces, endothelial permeability and atherosclerosis progression is not yet understood in full detail [72, 77, 97, 91] .
Opinion is divided on the relative importance of different driving mechanisms for LDL transport into and within the intima. According to the Kedem-Katchalsky equations, the flux through the endothelium is a superposition of a concentration gradient-driven diffusive flux and an advective flux. The advective flux is induced by the transmural flow of blood plasma driven by the pressure gradient across the endothelium. However, there is no experimental data that allow to determine the importance of the advective flux. This applies particularly to the LDL transport within the artery wall which might be driven by both diffusion and advection, or solely by diffusion. Many researchers model the transmural flow across the endothelium and within the artery wall using porous media approaches [74, 94, 103, 70] . Others model the artery wall as an elastic solid and the LDL transport as a purely diffusive process [19, 64, 27, 10, 95, 93] . The importance of the transmural flow on the endothelial and intimal lipoprotein transport and on early atherosclerosis is controversial [95, 70] and is thus addressed in this contribution.
In contrast to the transport of LDL, the penetration of HDL and the recruitment of macrophages are key aspects of atherosclerosis that have received scant attention [83, 15, 30] . Due to the related structure and size of LDL and HDL [46, 75] , however, we assume that HDL will have transport mechanisms that are analogous to LDL [83] . The lack of modeling of macrophage recruitment is problematic as the active migration and movement of monocytes is quite distinct from lipoprotein transport. Only very limited work has been done on modeling of monocyte recruitment as a function of the current state of a plaque in general [15, 9] and the activation of the endothelium in particular. Due to poor availability of quantitative experimental data, the modeling and quantification of macrophage recruitment remained a challenge.
The formation of early atherosclerotic plaques is modeled and quantified in a previous work by the present authors [92] . In that publication, a parameterized set of ordinary differential equations (ODEs) was developed that predicts key inflammatory and lipid processes of early atherosclerosis: LDL modification by macrophages and endothelial cells, HDL protection against LDL modification, LDL ingestion by macrophages, intracellular cholesterol cycle within macrophages, reverse cholesterol transport to HDL as well as macrophage apoptosis. The established ODE model is able to predict the stability of early model plaques based on the recruitment of LDL, HDL and macrophages. However, the recruitment rates were a priori specified constants that do not change as the plaque progresses and cannot be estimated from measurable or computable in vivo inputs in a straightforward manner. It was shown, in particular, that the rate of macrophage recruitment is crucial for the stability of early plaques and plaque classification into progression-prone and progression-resistant plaques. In addition, the model neglects all spatial aspects, which is reasonable only for in vitro experiments. Spatial effects, such as the diffusivity of species, their transport with the transmural flow or their locally varying recruitment into the artery wall due inhomogeneous WSS patterns can have a severe impact on the local disease progression in vivo.
In this contribution, we focus on the modeling of the endothelial penetration of species and their transmural transport within the artery wall. The explicit modeling of the endothelial lipoprotein and macrophage transport mechanisms allows us to estimate recruitment rates and make predictions about plaque progression based on three measurable or computable physiological in vivo inputs: the LDL and HDL blood cholesterol concentrations and the WSS that the plaque is exposed to. The quantitative modeling of local lipoprotein concentrations in blood and local WSS has been frequently addressed, see [93, 70, 47, 19, 58] and therein. In this work, these concentrations and WSS are assumed to be known model inputs.
The spatially resolved model presented here is based on basic continuum mechanical laws and naturally brings together submodels which describe the penetration of key species into the artery wall as well as their transport with the transmural flow, inflammatory processes and lipid dynamics within the artery wall. While previous models for atherosclerosis also considered some of theses processes [10, 15, 16, 30, 47, 103] , our model is the first to provide a complete predictive parameter set for all those key processes of early atherosclerosis.
A sensitivity analysis of our model with respect to its estimated parameters is performed that identifies crucial parameters and processes. Further, the model's stability is assessed based on the three in vivo inputs in order to identify and classify regions of progression-prone (type IIa) and progressionresistant (type IIb) model plaques [82] . Moreover, the model is used to assess the importance of the diffusive and advective lipoprotein fluxes through the endothelium and within the artery wall. Finally, the influence of locally varying WSS on the model plaque outcome is investigated.
The structure of this work is as follows: In Sect. 2, before the spatially resolved model is established, submodels of the recruitment of macrophages as well as of the fluxes of LDL and HDL are developed. Sect. 3 gives a complete parameter set for the models and all computational results derived from them. The results are discussed and critically assessed in Sect. 4. Supporting details are given in Appendix A and Appendix B.
Models
The spatially resolved, quantitative model of early atherosclerosis we develop in this work builds upon a previous publication [92] . In our earlier work we developed and parameterized an ODE model to describe the formation of early atherosclerotic plaque based on several in vitro experiments by [7, 8, 35, 51, 59, 104] . This ODE model predicts three different plaque outcomes depending on assumed fixed rates of macrophage recruitment, LDL influx and HDL influx which depend on the physiology and diet of the plaque's host, and the position of the plaque within the cardiovascular system. The model estimates temporal changes of the following key species: concentration of native LDL , concentration of modified LDL˜ , concentration of native HDL h, concentration of intracellular free cholesterol f , concentration of intracellular cholesterol ester b and density of macrophages m.
This work also models the key species above using the same notation, but employs a continuum approach where the concentration of each species is represented as a function of time and space. The time-and space-dependent behavior of the species is modeled by systems of partial differential equations that naturally include spatial effects. A schematic overview of the model's species and their inflammatory, lipid and recruitment processes is given in Figure 1 . Fig. 1 Overview of key species and their interaction considered in the spatially resolved model. Native LDL (diamond, grey) and HDL (triangle, grey) enter the vessel wall at rates dependent on their blood concentrations and the magnitude of wall shear stress exerted on the endothelium by blood flow. Monocytes (circle, grey) adhere to the endothelium depending on the wall shear stresses and migrate into the vessel wall based on the concentration of modified LDL inside the vessel wall (diamond, white). Migrated monocytes differentiate into macrophages (circle, white), ingest modified LDL, efferocytose apoptotic macrophages (cloud), export free cholesterol to HDL and undergo apoptosis. Free cholesterol in macrophages is converted to esterified cholesterol (B) and stored so that free cholesterol remains between essential and cytotoxic limits. LDL and HDL are oxidatively modified by macrophages and the endothelium but unmodified HDL counteracts LDL oxidation. The processes modeled and quantified in this work are encircled by red, purple and turquoise frames. The remaining colored frames correspond to quantified submodels established in a previous work by the present authors [92] . All species inside the vessel wall are subject to transport by diffusion. LDL and HDL are also transported by advection with the transmural flow.
In the rest of this section, submodels for the recruitment of macrophages and the flux of lipoproteins are first developed and quantified. Next, the spatially resolved model is formulated. This can be subdivided into a model for the transmural flow and a model for the penetration, spatial transport and interaction of key species of early atherosclerosis.
Submodels
In this section, we develop the submodels that describe the recruitment of macrophages and the fluxes of lipoproteins through the endothelium. The submodels are parameterized using existing experimental and theoretical literature. If specific experimental data exist, then we choose relationships that best represent the data.
Monocyte Adhesion
Monocytes migrate from the bloodstream into the artery wall at a rate that depends on the local flow condition of blood and the current activation of the endothelium. Our submodel for monocyte adhesion is based on experimental in vitro results by Jeng et al. [42] . All parameters in the submodel are either experiment-specific (i.e. are specified by the experimental procedure) or estimated by a least-squares fit to the experimental results.
Experimental setup The adhesion of human monocytes on human vein endothelial cells in the absence of flow and their binding under flow conditions in vitro was investigated by Jeng et al. [42] using a two-stage experimental setup. First, specified concentrations of native LDL 0 and modified LDL˜ 0 were incubated with cultured endothelial cell monolayers e on coverslips for specified time periods T Mod . The endothelial cells oxidatively modified native LDL [35, 51] and became activated by the presence of modified LDL which increased their adhesiveness with respect to monocytes [31, 2, 54] . Subsequently, all LDL was removed and monocytes were added to the endothelial cells for specified time periods T Adh , where they adhered to the endothelial cells. The coverslips were placed in a flow chamber where the flux over the monolayer of cells was increased incrementally, exposing the monocytes to varying WSS levels τ . Among other things, the number of adhered monocytes m Adh preliminary to the flow chamber experiment and the number of remaining monocytes after each increase of WSS exposure was counted for various experiment-specific values of 0 ,˜ 0 , e, T Mod , T Adh , τ as shown in Table 1 .
Mathematical submodel The observations made in the flow chamber experiments in [42] are driven by the modification of native LDL by endothelial cells, the adhesion of monocytes on modified LDL-activated endothelial cells and the detachment of monocytes due to exposure to WSS. As in [92] , the modification of native LDL by endothelial cells is described by a linear relationship in Table 1 Experiment-specific parameters of the submodel of monocyte adhesion in vitro in analogy to the experimental setups by Jeng et al. [42] . All values are given in the units of the submodel.
their concentrations and e and the initial LDL modification lag phase is accounted for in the model by a reduction of 4 h of the experimental time period T Mod . The activation of endothelial cells by modified LDL saturates as the concentration of modified LDL˜ increases (see [42] , Fig. 5 and [31] , Fig. 1 ). Monocytes adhere on endothelial cells also in the absence of LDL (see [42] , Fig. 3 and [31] , Fig. 1 ). Therefore, the activation of endothelial cells is modeled using a saturating kinetic. The WSS-dependent detachment of adhered monocytes in vitro also saturates and increases with increasing WSS τ (see [42] , Fig. 1 ). No experimental data exist that quantify the influence of the monocyte concentration in the bloodstream on the amount of adhering monocytes on the endothelium. Here, it is assumed that it is solely dependent on the activation of the endothelium and that there is a surplus of monocytes at all times such that the number of adhering monocytes is independent of the number of monocytes in the flow chamber. 
and the second system corresponds to the adhesion and detachment of monocytes (adhesion stage)
where q ,e = 2.48 · 10 −5 ml h mm 2 (see [92] , Table 4 ) and T Mod , 0 ,˜ 0 , e, T Adh , τ are the experiment-specific parameters, see Table 1 . The remaining constants P m , δ m , k m , δ τ , ξ τ and ν τ are the unknown parameters of the submodel. They are estimated by least-squares fitting of the simulated number of adhered monocytes m(T Adh ) to the experimental results in [42] .
Macrophage Recruitment
The experiments by Jeng et al. [42] considered only the adhesion of monocytes in the absence of flow and their successive detachment under various flow conditions. When monocytes migrate from the bloodstream into the artery wall in vivo, however, the attachment of monocytes takes place under pulsatile flow conditions. No experimental data exist that allow us to quantify the adhesion of monocytes on activated endothelial cells under such flow conditions. The submodel of macrophage recruitment is based on the previous submodel of monocyte adhesion and the experimental results by Alon et al. [2] .
Mathematical submodel The influence of the WSS on the adhesion of Tlymphocytes on VCAM-1 saturated plastic slides was investigated by Alon et al. [2] . The experimental results show that the adhesion of cells under flow conditions vanishes when they are exposed to high WSS (see [2] , Fig. 1 ). In this submodel, the vanishing adhesion is accounted for by neglecting the limiting of the saturation kinetic with respect to WSS τ , i.e., by using δ τ = 1 for the in vivo setup. Due to the presence of MCP-1 and other monocyte-attracting molecules in vivo, it is assumed that each monocyte that adheres and remains bound under heavy flow conditions also migrates into the intima. Further, the time scale of atherosclerosis progression is sufficiently large that the relatively fast differentiation of monocytes into macrophages [61] can be approximated by an instantaneous differentiation. The complete submodel for the rate of recruitment of macrophages r m is therefore:
where all parameters have been introduced previously.
Lipoprotein Fluxes
Lipoproteins, such as LDL and HDL are transported through the endothelium at rates dependent on their concentrations in blood and on the local blood flow conditions. The endothelium is frequently modeled as a semi-permeable membrane described by the two equations of Kedem and Katchalsky [45, 103, 10, 43, 74, 93] . To this end, blood plasma is treated as solvent, whereas lipoproteins are interpreted as blood solutes. The first Kedem-Katchalsky equation estimates the total volume flux of the solvent as the difference of fluid and osmotic pressure gradient driven fluxes. The second equation of Kedem and Katchalsky describes the flux of the solute as sum of a concentration gradientdriven diffusive flux and an advective flux due to the transport with solvent's flow. The applicability of the Kedem-Katchalsky equations to trans-endothelial transport was investigated by Thomas and Mikulecky [90] .
Mathematical submodel The transport of native LDL in the blood plasma through the endothelium is governed by the second Kedem-Katchalsky equation [45] . Thus, the total solute flux of native LDL r into the intima can be subdivided into a diffusive and an advective flux with the blood plasma
where P is the diffusive permeability of LDL, η is the concentration of native LDL in blood, σ F, is the filtration reflection coefficient with respect to LDL and ω is the weighting factor for the average LDL concentration within the endothelium layer. The volume flux of blood plasma through the endothelium J Vol is given by the first Kedem-Katchalsky equation without osmotic flux [89, 40] 
where η p and p correspond to the luminal blood pressure and the subendothelial blood plasma pressure, respectively. The diffusive permeability and hydraulic conductivity depend on the 2-norm of the local WSS τ that the model plaque is exposed to. Here, τ corresponds to the WSS vector time-averaged over the pulsatile cardiac cycle, cf. [93, 72, 6, 53, 48] . The monotonically decreasing (diffusive) permeability scaling factor (PSF) from [93] is employed for the function s P for the dependence of diffusive permeability on WSS:
In contrast to the diffusive permeability, there is direct experimental evidence that the hydraulic conductivity increases as endothelial cells are exposed to increased WSS τ [81, 13] . Therefore, the hydraulic conductivity is altered by the following monotonically increasing function from literature [76, 85] 
which is subsequently called (hydraulic) conductivity scaling factor (CSF). Due to their related structure and size, the transport mechanisms of modified LDL and native HDL here are assumed to be the same as that of native LDL. Hence, the fluxes of modified LDL r and HDL r h are also modeled by second Kedem-Katchalsky equation:
Spatially Resolved Model of Early Atherosclerosis
The penetration and transport of lipoproteins and cells as well as the immunological and inflammatory processes of atherosclerosis take place in the intima and adjacent media. Any spatial model of these species must therefore consider both layers and their main transport barriers -the endothelium and the internal elastic lamina which separates intima and media. However, monocytes actively transmigrate from the intima into the media [60, 80] and the transport rates of lipoproteins through the internal elastic lamina are more than two orders of magnitude faster compared to those through the endothelium [44, 103] . As a consequence, the internal elastic lamina represents solely a minor transport barrier for LDL, HDL and macrophages. We therefore neglect the internal elastic lamina and use a fluid-wall model [74] , where the endothelium is the only transport barrier in the model. Further, the immunological and inflammatory processes and species transport in atherosclerosis take place on a time scale of days or weeks, where the deformation of the intima and media due to the pulsatile blood flow which occurs on a time scale of seconds can be ignored [93] .
In the spatially resolved model, all species are modeled by temporal and spatially continuous concentrations with the unit of number per volume. We denote the intima-media domain by Ω, the inlet boundary by Γ In , the outlet boundary by Γ Out , the endothelial boundary by Γ End and the media-adventitia boundary by Γ Adv . For a schematic overview of the domains and boundaries of the spatially resolved model of early atherosclerosis, see Figure 2 .
Transmural Flow
As frequently done in the literature [47, 44, 94, 10, 74, 70] , we model the transmural filtration flow within the artery wall as a purely pressure gradient-driven incompressible flow. Since the intima-media domain Ω does not deform it will have a constant porosity φ. The transmural flow u is thus described by Darcy's law and the incompressibility equation [3, 18] for all t ≥ 0 and x ∈ Ω:
where K and µ are the Darcy permeability and dynamic viscosity, respectively. To simplify the notation we subsequently drop the temporal and spatial arguments whenever they are not crucial for understanding. Together, both equations yield the Poisson equation for the intimal and medial blood plasma pressure p on the intima-media domain Ω:
On the media-adventitia boundary Γ Adv a constant pressure corresponding to the adventitial pressure p Adv is prescribed as a Dirichlet boundary condition:
The volume flux J Vol through the endothelial boundary Γ End is described by the first Kedem-Katchalsky equation:
Here, n denotes the outward normal to surface Γ , cf. Figure 2 . On the inlet and outlet boundaries Γ In and Γ Out no-flux conditions are applied:
Interaction and Transport of Species
The model for the interaction and transport of lipoproteins and macrophages is an extension and generalization of the non-spatial model given in [92] to a spatially resolved model that includes diffusive and advective transport and appropriate boundary conditions. The general framework of the spatially resolved model is given by the porous medium-advection-diffusion-reaction equation, see [29, 3, 18] . The submodels for the concentrations of native LDL , modified LDL˜ and HDL h on the intima-media domain Ω are 
where the advection of lipoproteins due to the transmural filtration flow is governed by the gradient of the blood plasma pressure p, see Eq. (9) . The reduction of the advective transport due to interactions with the artery wall is taken into account by the hindrance coefficients K , K˜ and K h [29, 70] . Macrophages and their intracellular cholesterols are not transported by advection with the transmural flow because they are several orders of magnitude larger than lipoprotein particles [62] . Thus, the models for the total concentration of intracellular free cholesterol f , the total concentration of intracellular cholesterol ester b and the density of macrophages m on the intima-media domain Ω are
On the inlet, outlet and media-adventitia boundaries Γ In , Γ Out and Γ Adv , no-flux conditions are applied. In accordance with [92] , the influx boundary conditions on the endothelial boundary Γ End are given by
modification of native LDL by endothelial cells and inhibition by HDL
where the functions r , r˜ , r h and r m are given by Eqs. (3), (4) and (8).
Initial Conditions
A spatially constant initial blood plasma pressure p 0 is utilized
and spatially constant initial concentrations analogous to the ODE model in [92] are employed
The initial amount of intracellular free cholesterol per macrophage f 0 , the initial amount of cholesterol ester per macrophage b 0 , and the initial density of macrophages m 0 are defined as in [92] :
Remark 1 The parameters and terms on the right-hand sides of Eqs. (15) , (16), (18) and (19) match the notations and definitions introduced in a previous work [92] . Therein, detailed derivations and underlaying assumptions are studied and discussed. Fig. 3 Finite element mesh for the spatially resolved model with h 1 = 6.0 · 10 −2 mm and h 2 = 2.0 · 10 −3 mm and synthetic inhomogeneous normalized WSS pattern τ τ used in calculations.
Results
In this section we present the models' parameters and computational results. All numerical computations for ODE models were performed using MATLAB (The MathWorks Inc., Natick, Massachusetts, USA, 2000). The solution of the spatially resolved model was done using our in-house finite element code. The spatially resolved model is discretized in time and space by the one-step-θ scheme (with θ = 0.6) and the finite element method [22] , respectively. An overview of the finite element mesh for the idealized intima-media domain Ω discretized with bilinear hexahedral elements is given in Figure 3 .
Model Parameters
For the spatially resolved model, we consider a simplified geometrical setup of the murine physiology of the aortic arch. To this end, the dimensions corresponding to the example in [93] are employed: lumen radius R = 0.57 mm, intima-media thickness H = 0.04 mm (≈ 50 % of total wall thickness [28, 38, 44] ), and segment length L = 3R ≈ 1.8 mm, cf. Figure 3 .
In Appendix A, a complete parameter set for the spatially resolved model is derived from least-squares fits to experimental results and existing literature. An overview of estimated parameters is given in Table 2 .
It is common practice to assume a reference WSS value τ to assess the endothelial permeability with respect to lipoproteins [93, 85, 10] . Even though the distribution of the reference WSS value within an animal is more or less uniform [79] , it varies significantly in between different animal models [14] . Therefore, the parameters of the PSF and CSF must be adapted to match the physiology of the animal under consideration, i.e., murine physiology. A tabular overview for different animal models and the normalized case is given in Table 3 . In the following, we always use normalized WSS τ τ values, as is frequently done in the literature [44, 10, 15, 85] . It remains to specify the concentrations of native LDL η and HDL η h in blood and the WSS τ that the model plaque is exposed to in vivo. These parameters characterize the physiology and diet of the plaque's host and the position of the plaque in the cardiovascular system. Thus, they cannot be set at fixed values, but their full ranges must be considered. An overview of the full spectrum of LDL and HDL blood cholesterol concentrations as well as WSS is given in Table 4 . The ranges of interest, however, lie in the lower ends of the WSS-spectrum as these are associated with the development of atherosclerotic plaques in humans [68] . If not specified otherwise, we use a concentration of LDL cholesterol η = 150 mg dl , HDL cholesterol η h = 50 mg dl and WSS τ = 10 % τ . The remaining parameters of the spatially resolved model are given by the values parameterized in our previous work, see [92] , Table 4 . Permeability scaling factor s P [1] Conductivity scaling factor s L [1] s P ( τ ) s L ( τ ) Fig. 4 Permeability scaling factor s P ( τ ) and conductivity scaling factor s L ( τ ) for varying normalized wall shear stresses τ τ .
Lipoprotein Fluxes and Macrophage Recruitment
The outcome of the spatially resolved model is determined by the rates of recruitment of native LDL r ( , p, τ ), modified LDL r˜ (˜ , p, τ ) and HDL r h (h, p, τ ) which characterize the physiology and diet of the host and the position of the individual plaque within the cardiovascular system. Here, the rates of recruitment depend on the three in vivo inputs, i.e. the blood concentrations of LDL η and HDL η h , and the WSS τ that the model plaque is exposed to. The three in vivo inputs can -depending on the species of host, its predisposition and its diet -vary by several orders of magnitude (cf. Table 4 ) which results in qualitatively different predicted long-term outcomes.
The solute flux of lipoproteins through the endothelium is governed by the WSS-dependent second Kedem-Katchalsky equation and can be subdivided into diffusive and advective parts (cf. Eq. (4)). These parts are individually altered by the WSS-dependent PSF and CSF, see Figure 4 . To investigate the influence of the WSS, the three submodels relative to their concentrations in blood, i.e., r η , are studied. To this end, we consider a pressure drop across the endothelium as measured by [89] , i.e., ∆p End = 18 mmHg. Hence, different subendothelial pressures p in between 75 − 90 mmHg are considered. By analogy with the medial LDL concentrations measured in [36, 95] , we use =˜ = 7.2 · 10 −4 η and h = 7.2 · 10 −4 η h as lipoprotein concentrations in the media. The resulting relative fluxes ri ηi and fractions of advective fluxes r Adv,i ri of native LDL , modified LDL˜ and HDL h are shown in Figure 5 . An overview of the estimated rates of recruitment of macrophages for various concentrations of modified LDL is given in Figure 6 . 
Influence of Lipoprotein Transport within Artery Wall
Within the artery wall LDL and HDL are transported by concentration gradientdriven diffusion and by advection due to the transmural flow which leads to spatially varying concentration profiles. The relative importance of the two transport mechanisms within the artery has not been investigated to date. The influence of diffusion on the lipoproteins' transport is assessed by a successive reduction of the order of magnitude of the effective diffusion coefficients D Eff, , D Eff,˜ and D Eff,h . These coefficients are reduced from large values that induce homogeneous concentrations, to their values as given in Table 2 that result in inhomogeneous concentration profiles along the radial direction. The importance of the advective transport of lipoproteins within the artery wall is then investigated by comparing the concentration profiles of the spatially resolved model, parameterized with various hindrance coefficients K , K˜ and K h .
Denoting the concentration profile of native LDL along the X-axis by (X) (with X ∈ [R, R + H] = [0.57 mm, 0.61 mm]), the space-averaged concentration of native LDL and its center of mass X are given by
The average concentrations and centers of mass of the remaining species are computed analogously. The average concentrations of all species , . . . , m along the X-axis which runs radially through the vessel wall and the position of their respective centers of mass X , . . . , X m on the X-axis for various effective diffusion coefficients D Eff, , D Eff,˜ , D Eff,h and hindrance coefficients K , K˜ , K h are given in Table 5 . Moreover, the concentration profiles for various hindrance coefficients K , K˜ and K h are plotted in Figure 7 . 
Influence of Inhomogeneous WSS Distribution
In addition to diffusion and advection, the concentration profiles are locally altered in vivo by non-uniform recruitment rates of LDL, HDL and macrophages through the endothelium, e.g., induced by spatially varying WSS pattern due to disturbed flows. Regional differences in the recruitment rates can lead to the local formation of plaques whereas other sites remain healthy at the same time. Hence, we solve and analyse the spatially resolved model with a prescribed synthetic inhomogeneous normalized WSS distribution as shown in Figure 3 . In accordance with WSS patterns in the literature [93, 19, 25, 87] , the prescribed WSS pattern has a sharp transition from low (10 % τ ) to high (100 % τ ) WSS.
The steady-state concentration profiles of the speciesˆ (X), . . . ,m(X) in the spatially resolved model with prescribed inhomogeneous WSS (cf. Figure 3 and non-homogeneous WSS τ τ as given in Figure 3 .
Discussion
In this paper we have developed a quantified spatially resolved model of key species of early atherosclerosis. A complete parameter set for the spatially resolved model was derived from existing experimental data (cf. Tables 2, 3 and 4). The influence of uncertainties due to the parameters' origins, different animal models used in the experiments, or measurement errors is inverstigated in Appendix B.2.
The influence of disturbed blood flow on the recruitment of monocytes in vivo requires further focus in future experimental work. Only very few experimental results investigate non-constant flow patterns or assess the influence of complex flows to the endothelium [39] . As commonly done, the time-averaged WSS τ were employed as indicator for disturbed blood flow [72, 48] . A more rigorous mathematical approach would introduce effects of the pulsatile flow to provide a more accurate estimate of the influence of the blood flow on the endothelium. Further experimental results are needed, however, to justify such an additional mathematical sophistication.
The submodel for the recruitment of macrophages was derived and quantified from experimental results in [42] which investigated the adherence of monocytes on modified LDL-activated endothelial cells. To this end, we assumed that WSSdependent adherence to the endothelium is the determining step in monocyte migration into the intima and used this assumption to estimate monocyte migration rates from adherence data. No direct quantitative data exist that allow to quantify the actual rate of monocyte recruitment into the intima.
Three submodels based on the equations of Kedem and Katchalsky were developed and parameterized to assess the transport of native LDL r , modified LDL r˜ and native HDL r h through the endothelium. The total flux of lipoproteins can be subdivided into diffusive and advective parts which vary depending on the WSS τ due to the PSF and CSF that we have employed (cf. Figure 4) . As a consequence, the total fluxes and the fractions of the advective fluxes of native LDL, modified LDL and native HDL significantly differ depending on the WSS. While the diffusive efflux determines the total efflux of modified LDL r˜ (cf. Figure 5(d) ) for all relevant WSS and medial pressures, the total influx of native HDL r h is dominated by the advective influx (cf. Figure 5(f) ). The situation with advective influx of native LDL is ambiguous as advective influx is dominant for low WSS regimes but not significant at high WSS (cf. Figure 5(b) ). The results support the idea that the advective influx of native LDL and HDL through the endothelium significantly determines their total influx rate. It follows that a porous medium-like approach which considers the pressure gradient-driven advective transmural flow through the endothelium for estimation the recruitment rates of lipoproteins is inevitable.
The total efflux of modified LDL r˜ is more than three orders of magnitude smaller compared to the fluxes of native LDL and HDL (cf. Figures 5(a) , 5(c) and 5(e)). Thus, the efflux of modified LDL from the intima is negligible. Due to their smaller particle size, the flux of native HDL into the intima is approximately 10 to 25 times larger than the influx of native LDL (see Figures 5(a) and 5(e)). It is important to note, however, that the influx of native HDL increases with increasing WSS while the influx of native LDL decreases. Together with a decreased recruitment of macrophages under high WSS (see Figure 6 ), the stability of model plaques is changed from vulnerable to stable with increasing WSS [92] . The findings further support that the WSS and therefore the location of an early plaque within the cardiovascular system already decisively determines its type, i.e., if it is progression-prone or progression-resistant, cf. [82] .
Besides the flow-dependent and thus non-modifiable WSS, the cholesterol concentrations of LDL η and HDL η h play an important role in atherogenesis. They can vary by several orders of magnitude depending on the physiology and diet of a plaque's host (cf. Table 4 ) and induce qualitatively different long-term outcomes of model plaques. A risk analysis performed by Hao and Friedman [34] shows that the effect of a drop in the availability of native HDL is much more severe than of LDL. This aligns with the results of our stability analysis in Appendix B.3. It also shows, however, that the most crucial determinant of plaque stability is the WSS τ (see Figure 12 ). While the blood cholesterol concentration of HDL η h also has a major impact, only very high blood cholesterol concentrations of LDL η significantly influence the long-term model plaque outcome. However, such LDL cholesterol concentrations usually do not occur in vivo unless they are enforced by experimental interventions, e.g., by putting genetically modified mice on a high-fat diet. The results in Appendix B.3, Figure 12 support the hypothesis that the natural resistance of mice to atherosclerosis may be due to their generally high HDL and low LDL blood cholesterol profiles [52, 99] . Further, for the common range of blood cholesterol concentrations in humans [68] , plaques at locations with a WSS exposure below approximately τ = 20 % τ = 0.2 Pa (cf. Table 3 ) must be considered as progression-prone plaques, i.e., as plaques of type IIa in the classification by the American Heart Association [82] .
Darcy's law in combination with the first Kedem-Katchalsky equation was used to develop a model of the blood plasma pressure and pressure gradientdriven transmural flow in the artery wall. An average transmural filtration velocity of u = 6.47 · 10 −2 mm h is estimated by the spatially resolved model which is in very good agreement with experimental and computational results in the literature [63, 29, 103, 74] . Using this average velocity value, the Reynolds number Re of the transmural filtration flow is calculated as
The Reynolds number is Re 1, and so the application of Darcy's law results in a good approximation to the viscous transmural flow within aortic tissue [50, 3, 29] . Using Darcy's law, an intima-media pressure drop of ∆p Med = 52.4 mmHg = 7.0 · 10 3 Pa is estimated which is in very good agreement to experimental results in [89] .
Crucial parameters that were not covered by the sensitivity analysis in Appendix B.2 are the effective diffusivities of native LDL, modified LDL and HDL. In the literature, there is no agreement on the value of D Eff, . In contrast, almost all orders of magnitude in between the range of D Eff, = 1.2 · 10 2 mm 2 h [30] to D Eff, = 1.8 · 10 −4 mm 2 h [103] are found. In this work, based on an extensive literature review, we use a frequently found intermediate value D Eff, = 1.26 · 10 −2 mm 2 h [94, 86, 10] . A comparison of the computational results shows that effective diffusion coefficients in the order of magnitude of O(10 2 mm 2 h ) result in concentrations without spatial variations. With decreasing diffusivities, the concentrations of lipoproteins along the radial direction change from homogeneous concentrations to concentration profiles with steep gradients at the endothelium, see Table 5 and Figure 7 . In contrast, the density of macrophages and their intracellular free and esterified cholesterol contents remain more or less homogeneously. Even though their centers of mass shift by the reduction of the diffusivities, the average concentrations of all species ,˜ , h, f , b, m are only mildly affected (< 18 %) when diffusivities are reduced (cf. Table 5 ).
The variation of the hindrance coefficients K , K˜ and K h shows that species' concentrations are barely affected (< 10 %) by the advective transport within the artery wall, see Table 5 and Figure 7 . If the transmural flow in the artery wall is artificially increased by high hindrance coefficients, only the concentration profile of modified LDL is significantly altered, while the remaining concentration profiles are barely affected. As hindrance coefficients are in general 0 ≤ K i ≤ 1, such fast advective transport is only achieved by an approximately 100 times higher transmural velocity of u . This is far beyond velocities reported in the literature and the advective transport cannot explain the increase of the LDL profile toward the media-adventitia boundary as observable in vivo [63, 20, 95, 5] . The driving mechanism behind this observation thus remains unknown. In total, the results indicate that the influence of the advective transport due to the transmural flow inside the artery wall is negligible. Still, the model of the transmural flow cannot completely be neglected as it also determines the subendothelial pressure p and thus significantly alters the total lipoprotein fluxes as discussed before. Important spatial phenomena occur as a result of inhomogeneous boundary conditions (see Figures 8 and 9 ). The steady-state concentration profiles of the spatially resolved model with prescribed inhomogeneous WSS pattern (cf. Figure 3) along the radial directions are qualitatively different. The negative X-axis corresponds to a region exposed to high WSS τ = 100 % τ . Thus, the atherosclerotic processes remains non-critical with a low density of macrophages m with low intracellular free cholesterol f m and almost no intracellular cholesterol ester b m (cf. Figure 8(a) ). The positive X-axis corresponds to a region exposed to low WSS τ = 10 % τ . As a consequence, along the negative X-axis characterizations of an vulnerable plaque such as a high density of macrophages m with high intracellular free cholesterol f m and high intracellular cholesterol ester b m content can be found (cf. Figure 8(b) ). Due to the diffusion of all species from the strongly atherosclerotic regions into the surrounding, non-atherosclerotic regions, the area of the model plaque is increased compared to the low WSS area (cf. Figures 3 and 9 ). The region surrounding the area of low WSS has higher concentrations of intracellular free and esterified cholesterol than the central part of the plaque, although it has substantially fewer macrophages and is less inflamed by lower concentrations of modified LDL (cf. Figure 9 ). This effect may, however, be reduced by adding a macrophage chemotactic response to modified LDL [12, 11] . Macrophages at the center of the lesion are able to preserve a stable concentration of modified LDL ˜ in the tissue, comparable to non-atherosclerotic sites (see Figure 9 (a)). However, this comes at the cost of an increased concentration of intracellular free cholesterol f m and cholesterol ester b m inside macrophages rendering them more susceptible to apoptosis and becoming necrotic foam cells. Hence, plaques at the low WSS region and the surrounding tissue must be considered progression-prone, i.e., as type IIa [82] .
The spatially resolved model of key species of early atherosclerosis that we have developed is able to predict the stability of early model plaques based on the blood cholesterol concentrations of LDL and HDL and the WSS it is exposed to. In our model, macrophages only undergo recruitment and apoptosis which is valid only for early stages of atherosclerosis. As discussed in detail in [92] , in the future, the fate of macrophages must be enriched by emigration, proliferation and necrosis to study intermediate and advanced plaques.
Only a simplified geometrical setup was investigated here, where an synthetic WSS distribution was prescribed. To consider patient-specific anatomies, the spatially resolved model can be embedded into a multiphysics model [93] using a suitable multiscale in time strategy [27, 47, 94] . For a patient-specific simulation, the time-averaged local WSS, luminal pressure and cholesterol concentrations from a pulsatile fluid or fluid-structure interaction simulation can be used [93] to find locally varying physiological lipoprotein fluxes and macrophage recruitments. These can then be used to create a personalized model of a particular plaque in its early stages.
Conclusion
This paper presents a quantified spatially resolved mathematical model of early atherosclerosis. Based on basic continuum mechanical laws, we have formulated a quantitative model that naturally brings together Darcy's law, our quantitative ODE model developed in [92] as well as submodels of the recruitment of macrophages and fluxes of lipoproteins that have been parameterized using existing experimental and theoretical results.
The model allows us to differentiate between progression-prone and progression-resistant plaques based on three measurable or computable in vivo inputs -the WSS that a plaque is exposed to, and blood cholesterol concentrations of LDL and HDL. The model indicates that the influence of the advective transport of lipoproteins through the activated endothelium by the transmural flow is decisive, while the advective transport within the artery wall is negligible. Further, the model suggests that regions in arteries with an approximate WSS exposure below 20 % of the average WSS and their surroundings must be considered as potential regions where progression-prone atherosclerotic plaques develop.
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Appendix A Quantification of Model Parameters
In this section, a complete set of parameters for the spatially resolved model in SI units mm, g and h is derived. Due to a lack of uniform experimental data we do not distinguished between experimental results gained from the study of different animal models. As the media is the predominant part of the intima-media domain [28, 37, 103, 74] , we use parameters that correspond to the media.
Appendix A.1 Macrophage Related Parameters
The parameters of the submodel of monocyte adhesion least-squares fitted to the experimental results by Jeng [42] are 
where all values are given in the unit of the experiment and SI units. The conversion of k m from µg lipid protein to SI units is performed using ρ 10 = 1.04 · 10 9
1 µg lipid protein from [92] , Table 1 . An overview of the least-squares fits is given in Figure 10 (a). Since intracellular free and esterified cholesterol can only diffuse within macrophages, the macrophages' effective diffusion coefficient is also employed for the cholesterols, i.e., D Eff,m = D Eff,f = D Eff,b = 3.6 · 10 −6 mm 2 h , cf. [15, 30] .
Appendix A.2 LDL Related Parameters
The influx of native LDL through the endothelium described by the second Kedem-Katchalsky equation (cf. Eq. (4)) is well-studied and thus the required parameters are available in the literature. In contrast, the flux of modified LDL and native HDL are scant investigated. Due to its origin and equal size, it is convenient to use the same parameters for native and modified LDL. In contrast to native LDL, however, the concentration of modified LDL in blood is low [23] and therefore we use η˜ = 0. Fig. 10 Least-squares fits of (a) simulated monocyte adhesion m(T Adh ) to experimental results by Jeng et al. [42] , Table 1 , (b) filtration reflection coefficient σ F,i to results by Karner et al. [44] , Table 3 , (c) hindrance coefficient K i to result by Formaggia et al. [29] and (d) effective diffusion coefficient D Eff,i by Karner et al. [44] , Table 2 .
The weighting factors ω , ω˜ and ω h for the average concentrations of native LDL, modified LDL and native HDL within the endothelium layer are estimated as proposed by Formaggia et al. [29] . The one-dimensional advection-diffusion equation is solved and volume-averaged over the domain of the endothelium. It follows that
where P e i is the Péclet number of species i within the endothelium given by
Here, u and P i are the transmural filtration velocity and the diffusive permeability of species i, respectively. Using u = 6.41 · 10 −2 mm h [29, 103, 63] and P = P˜ = 6.12 · 10 −5 mm h [95, 103] results in P e = P e˜ = 1.05 · 10 3 and weighting factors ω = ω˜ = 9.99 · 10 −1 .
To estimate the initial rate of recruitment of macrophages r m (˜ 0 , τ ), we use an initial concentration of modified LDL˜ 0 = 7.2 · 10 −4 η based on the experimental results in [36, 95] . Appendix A.3 HDL Related Parameters HDL is a smaller particle than LDL. More precisely, LDL and HDL have radii of R = 11.0 nm [44] and R h = 4.72 nm [46] , respectively. As a consequence, HDL has approximately an 1.87 times higher diffusive permeability compared to LDL, i.e., P h = 1.87 P = 1.14 · 10 −4 mm h [83, 95] . Together with Eqs. (23) and (24), it follows the weighting factor ω h = 9.98 · 10 −1 for the average concentrations of native HDL in the endothelium layer.
Karner et al. [44] investigated the transport rates of ADP, albumin and LDL through the endothelium and the internal elastic lamina. As ADP and albumin have a smaller and LDL has a larger radius compared to HDL, their filtration reflection coefficients are used to estimate the filtration reflection coefficient σ F,h of HDL. We performed a least-squares fit of the filtration reflection coefficient as given in [44] , Table 3 to a saturating function in the particle radius R i of the form σ F,i (R i ) = 
which is visualized in Figure 10 (b). The filtration reflection coefficient scales approximately with the volume of particles and for HDL this gives σ F,h = 9.18 · 10 −1 .
The hindrance coefficient of LDL in the media is given by K = K˜ = 0.117 [29, 70] , respectively. Assuming that the hindrance coefficient scales with the volume of particles (in consistency to the filtration reflection coefficient) and a saturating kinetic (in general it holds 0 ≤ K i (R i ) ≤ 1), it follows
which is plotted Figure 10(c) . Accordingly, the hindrance coefficient of HDL is estimated to K h = 6.27 · 10 −1 . An additional unknown parameter is the effective diffusion coefficient of HDL D Eff,h within the artery wall. The effective diffusivity of LDL is measured as D Eff, = D Eff,˜ = 1.26 · 10 −2 mm 2 h [94, 86, 10] , but no experimental results exist that allow quantifying the effective diffusivity of HDL. However, Karner et al. [44] give the diffusivities of ADP, albumin and LDL in blood plasma. The data in [44] is therefore normalized to the diffusivity of LDL in blood plasma and least-squares fitted to a rational function of the form
The least-squares fit yields e = 11.0 nm and f = 1.0 such that
which is plotted in Figure 10(d) . Here, the effective diffusion coefficients scales with the radius of particles and for HDL it yields D Eff,h = 2.33 D Eff, = 2.94 · 10 −2 mm 2 h . The rates of oxidative modification of HDL by macrophages q h,m and endothelial cells q h,e are crucial, but no experimental results exist that allows us to quantify them directly. Hence, the rates of HDL modification are calculated from the rates of LDL modification by considering the different structure and size of LDL and HDL. Therefore, we use
where N˜ and Nh correspond to the amount of lipid peroxide in modified LDL and HDL, respectively. The factor 7.6 represents the relative difference between the surface areas of LDL and HDL [16] . Using the values of q ,m , q ,e , N˜ and Nh given in [92] , Table 4 yields q h,m = 1.64 · 10 −4 mm 3 h and q h,e = 6.21 · 10 −2 mm h .
Appendix A.4 Tranmural flow
The Darcy permeability K must be estimated to fit to the murine physiology, i.e., to the murine intima-media thickness. The Darcy permeability is approximated by solving the norm of Eq. (9) for K:
where u and ∇p Med correspond to the transmural filtration velocity and pressure gradient in the intima and media, respectively. The latter is approximated by the luminal blood pressure η p = 100 mmHg [1, 69, 98] An overview of all parameters estimated and fitted so far is given in Table 2 .
Appendix A.5 Wall Shear Stress-Dependent Parameters
There is experimental data by Sill et al. [81] that quantifies the hydraulic conductivity with respect to the WSS τ . Sun et al. [85] used these experimental results to parameterize the CSF (cf. Eq. (7)) which leads to: γ p = 1.31 · 10 −1 , µ p = 1.24·10 3 1 Pa and ξ p = 1.86·10 1 . In [85] , the parameter µ p was scaled so that it fits to a reference WSS value of τ = 1.68 Pa. Even though the distribution of the reference WSS value τ within an animal is more or less uniform [79] , it varies significantly in between different animal models [14] . Therefore, the parameter µ p of the CSF must be adapted to match the physiology of the animal under consideration, i.e., the murine physiology.
The same holds for the parameters ξ τ and γ τ of the macrophage recruitment submodel (cf. Eq. (3) ) and the PSF (cf Eq. (6)). The estimated value ξ τ = 1.95 · 10 −1 Pa corresponds to the human physiology with a reference WSS value τ = 1.16 Pa [14] . The parameter γ τ is linked to a given reference WSS value τ by γ τ = 1 30 τ , cf. [93] . A tabular overview of values for τ , ξ τ , γ τ and µ p for different animal models and the normalized case is given in Table 3 .
Appendix A.6 Plaque-Specific Parameters
It remains to specify the concentrations of native LDL η and HDL η h in blood and the WSS τ that the model plaque is exposed to in vivo. These parameters characterize the physiology and diet of the plaque's host and the position of the plaque in the cardiovascular system. Thus, they cannot be set at fixed values, but their full ranges must be considered. The WSS τ within a murine aortic arch is below approximately 7.7 τ [93] . In a clinical context, the concentrations of LDL and HDL are measured by determining their cholesterol contents in blood. In humans, the physiological ranges lie approximately in between concentrations of 50 − 250 mg dl of LDL blood cholesterol and 20 − 80 mg dl of HDL blood cholesterol [68] , which can be transformed into SI units of particles per volume using ρ 8 = 4.36 · 10 17 1 g and ρ 13 = 7.34 · 10 18 1 g (see [92] , Table 1 ), respectively. In the case of mice with genetic modifications and highfat diets, the LDL and HDL cholesterol concentrations can rise above 3000 mg dl and 400 mg dl , respectively [96, 52] . In general, however, mice show lower total blood cholesterol concentrations compared to humans, and in mice, as opposed to humans, HDL cholesterol is the predominant lipoprotein [52] . An overview of the full spectrum of LDL and HDL blood cholesterol concentrations as well as WSS is given in Table 4 .
Appendix B Non-spatial Model
A non-spatial version of the spatially resolved model developed in Section 2.2 is first given in this section. It is important to note that the non-spatial model is equivalent to the spatially resolved model, where the concentrations are homogeneous, e.g., induced by high effective diffusion coefficients D Eff,i → ∞ (i = , . . . , m). Subsequently, the non-spatial model is used to effectively perform sensitivity and stability analyses.
given by the submodels:
The Initial conditions of the non-spatial model read analog to [92] (0) = 0,
where m 0 is adapted to due to the employed submodel of macrophage recruitment: 
Then the solution satisfies:
Proof. The proof of the Proposition 1 is similar to the proof of the Proposition given in [92] . First, it follows from η p ≥ p that J Vol (p, τ ) (31) = L p s L ( τ ) (η p − p) ≥ 0.
To prove the positivity of , i.e., (t) ≥ 0 ∀t ≥ 0 it is sufficient to note that (0) = 0 and that (t) = 0 implies d dt (t) 
it holds f (t) m(t) ≥ f Min ∀t ≥ 0. This also implies the positivity of f . Given that
it follows f (t) m(t) ≤ f Max ∀t ≥ 0. Hence, it is concluded that
The positivity of b follows since b(0) = 0 and b(t) = 0 implies d dt b(t) (30) = k f (f (t) − f Min m) 2 f Max m − f (t) (38) ≥ 0
which finishes the proof of 1. (It also follows that the time-dependent solution ( (t),˜ (t), h(t), f (t), b(t), m(t)), t ≥ 0 of the initial value problem is unique and smooth because the smoothness of the right-hand side of the ODE (30) is now straightforward to show.) Using (38) d dt m(t) 
In an analog manner, the boundedness of˜ (t) and h(t) are proved which finishes the proof of Proposition 1. Due to the high computational cost of the spatially resolved model, a stability analysis is performed using the non-spatial model from Appendix B.1. Proposition 1 from Appendix B.1 applies, as all its requirements are fulfilled by the non-spatial model with the complete parameter set from Tables 2 and 3 
and only the concentration of cholesterol ester b can be unbounded. The boundedness of intracellular cholesterol ester b, the steady-state concentration of intracellular free cholesterol per macrophages f m and the steady-state density of macrophages m are computed in the crucial ranges of η , η h and τ . High LDL cholesterol, low HDL cholesterol and low WSS promote atherosclerosis, and so the ranges that we use for the stability analysis are η ∈ [10, 800] mg dl , η h ∈ [20, 100] mg dl and τ ∈ [5 %, 40 %] τ , cf. Table 4 . The points where analysis is done are on an equidistant grid of the specified parameter space. The numerical results for varying blood cholesterol concentrations η and η h and four different WSS levels τ are plotted in Figure 12 . 
